Abstract. The generalised Cayley transform C from an Iwasawa N -group into the corresponding real unit sphere S induces isomorphisms between suitable Sobolev spaces H α (S) and H α (N ). We study the differential of C, and we obtain a criterion for a function to be in H α (S).
Introduction
The classical stereographic projection is a conformal bijection from R n ∪ {∞} to S, the unit sphere in R n+1 , where n ≥ 2. In [5] the authors generalised the stereographic projection to the case where R n is replaced by a nilpotent Lie group N of Heisenberg type and the sphere is the Euclidean sphere in a suitable one-dimensional extension of the Lie algebra of N . They call this map (generalised) Cayley transform.
The class of Heisenberg type groups was introduced by Kaplan in [10] , and it includes all Iwasawa N -groups associated to real rank-one simple Lie groups. In [4] it was proved that the Iwasawa N -groups are characterised among all Heisenberg type groups by a Lie-algebraic condition, the so-called J 2 -condition. In this case, the Cayley transform C : N −→ S is a conformal map with respect to suitable CarnotCaratheodory structures on N and on the sphere [1, 2] . As Carnot-Caratheodory manifolds, N and S have privileged subspaces T (1) n (N ) and T (1) C(n) (S) of the tangent spaces at any points n in N and p = C(n) in S. From the fact that C is conformal it follows that its differential C * maps T (1) n (N ) into T (1) C(n) (S) and, restricted to T (1) n (N ), is a multiple of an isometry [1] . For more information on conformal and quasiconformal mappings on boundaries of symmetric spaces see [11, 12, 13] .
In Section 3 of this paper we study the Cayley transform in the case where N is not necessarily an Iwasawa group: we compute the differential C * and we give an elementary proof of the fact that the J 2 -condition holds if and only if the restriction of C * to T (1) n (N ) is a multiple of an isometry. In Section 4 we consider Sobolev spaces on S and an Iwasawa N -group defined in terms of powers of suitable conformal sublaplacians. In [1] it was proved that the Cayley transform induces isomorphisms from Sobolev spaces H α (S) to H α (N ). In
As proved by Cygan [6] , a homogeneous gauge on N is the function N given by
The Iwasawa N -groups are characterized, among all H-type groups, by an algebraic condition, called the J 2 -condition [4] . Definition 2.1. We say that n satisfies the J 2 -condition if, for any X in v and Z, Z in z, such that Z, Z = 0, there exists Z in z such that
-condition is equivalent to the fact that the subspace k(X) is preserved under the action of J Z for every Z in z.
As we shall see in the next section, the J 2 -condition is strictly linked with the geometric properties of the Cayley transform C, mapping N into the unit sphere S in v ⊕ z ⊕ R, i.e.,
The map C was introduced in [5] , and it is given by
where A(X, Z) andĀ(X, Z) are the linear operators on v defined by
and B(X, Z) is the real number
When the dependence on (X, Z) in N is clear, we shall more simply write A,Ā and B. In the case where N is an Iwasawa group, the Cayley transform is essentially the mapn → k(n) defined in [9, Ch. 9, Theorem 3.8, p. 414].
Let o = (0, 0, 1). The inverse of the Cayley transform C −1 : S \ {o} −→ N is given by the rule
In the case where N is an Iwasawa group, the jacobian determinant J C −1 of the map C −1 has been computed in [5] and, for every (X , Z , t ) in S \ {o}, is given by
Clearly, in these cases,
We fix orthonormal bases
k=1 of v and z, respectively. For X in v and Z in z, we write X =
Given a vector V in n, we keep the same notation for the left-invariant vector field associated to it, hence we write
It is easy to check that, for a smooth function f on N ,
where j = 1, . . . , d v and k = 1, . . . , d z . We write T (1) n (N ) and T (2) n (N ) for the spans of the tangent vectors at n in N associated respectively to the E j and to the U k .
Finally, we include two explicit examples of Heisenberg type groups, namely the Heisenberg group, which satisfies the J 2 -condition, and the complexified Heisenberg group, for which the J 2 -condition fails.
Example 2.2. Let v = C and z = R. For every z, z 0 in v = C and t, t 0 in z = R, define an H-type algebra by setting
Then n = v + z is the 3-dimensional Heisenberg algebra. Note that J t z = itz for every z in v and t in z, and we can use the map J to embed the sphere in C 2 as follows. Denote the elements in N and S respectively by (z, t) and (z , u + it ), where z, z are in C, u , t are in R and |z | 2 + |u | 2 + t 2 = 1. Then the Cayley transform C, mapping N into the unit sphere S, is given by the rule
and,
Example 2.3. We define an H-type algebra n = v + z by setting
and, for every
Note that in this case the J
We recall [4] that if the J 2 -condition holds, then d z must be equal to 1, 3 or 7.
Denote the elements in N and S respectively by (u, v, z) and (u , v , z , t ), where
Then the Cayley transform C, mapping N into the unit sphere S, is given by the rule
and, when (u , v , z , t ) = (0, 0, 0, 1),
The Jacobian of the Cayley transform
We endow the sphere S with its Euclidean SO(d v + d z + 1)-invariant standard metric. Note that the tangent space at the point o decomposes naturally into the orthogonal sum v ⊕ z. When N is an Iwasawa group, there is a group K acting orthogonally [5, Theorem 6.1] and transitively on S. Let M be the isotropy subgroup of o. Then the sphere may be identified with the coset K/M , and Ad(M ) preserves v and z. So the tangent space T p (S) at any point p = k · o decomposes orthogonally as T (1) 
Similarly, when N is a general Heisenberg type group, one can decompose the tangent space T p (S) at the point p on the sphere into the orthogonal sum T (1) p (S) ⊕ T (2) p (S) with respect to the Euclidean metric [5] , where
In the following lemma we evaluate the differential of the Cayley transform. If n is in N , p = C(n) and V is in v, we use the notation
, where
Proof. We write the expansion of C((X, Z)(tE, tU )) in powers of t. Routine computations give the desired result.
In the following proposition we show that the J 2 -condition holds if and only if the restriction of C * to T (1) n (N ) is a multiple of an isometry. It was proved [1, 2] that if the J 2 -condition holds, then C is a 1-quasiconformal map; from this fact (and some extra computations) items b) and c) would follow. Here we include these elementary computations which also show the necessity of the J 2 -condition.
Proof. We first prove that conditions a) and b) are equivalent.
If p = (X , Z , t ) is a point on S \ {o} such that either Z = 0 or t = 0, then an orthonormal basis
Straightforward computations using Lemma 3.1 show that C
Using properties (2.2) of the map J, one can show that
It is enough to prove (3.1) when |X| = 1.
If the J 2 -condition holds, the last expression vanishes and (3.1) follows. Vice versa, if for every E in v, Z = Z, U i U i + Z in z, and every i = 1, . . . , d z ,
The case where p = (X , 0, 0) is easier since T (2) p (S) ⊕ Rp = RX + J z X , and we omit the details. Now we prove that conditions a) and c) are equivalent. Let E be in v and (X, Z) in N . Straightforward computations using properties (2.2) show that |C * E(C(X, Z))| 2 equals
It is enough to prove (3.2) when E and Z are unitary. According to the orthogonal
The last expression vanishes for every X and E if and only if J W J Z E is orthogonal to k(E), for every E, i.e., the J 2 -condition holds.
Sobolev spaces
4.1. Sobolev spaces on N . Let ∆ be the sublaplacian on N defined by
where E j are the left-invariant vector fields given by formula (2.3). The operator ∆ is a densely defined, essentially self-adjoint, positive operator on L 2 (N ). Real powers of the sublaplacian may be defined spectrally as in [3, 7] . 
. We need the following characterization of Sobolev spaces, proved by Folland for the nonhomogeneous Sobolev spaces H α (N ) ∩ L 2 (N ) for α > 0; his proof can be adapted without substantial changes to the case of homogeneous Sobolev spaces of any order.
If f is in H α (N ), we shall write ∂ x j f and ∂ z h f for the distributional derivatives of f .
Theorem 4.2 ([7, Theorem 4.10]). Let α be real. Then f is in H α+1 (N ) if and only if
Another fundamental tool in our investigation is the following multiplier theorem, proved for the first time in [3] on some Iwasawa N -groups. For a real number γ denote by M γ (N ) the space of functions m smooth away from the identity and such that 
4.2.
Sobolev spaces on the sphere. From now on, we suppose that the J 2 -condition holds, i.e., that N is an Iwasawa group. As remarked previously, we shall identify S with the coset K/M .
As in [1] , define the sublaplacian L on S by
where
is an orthonormal basis for T (1) (S) defined almost everywhere on S. The operator L is an essentially self-adjoint positive operator.
Via the Cayley transform, i.e., via Proposition 3.2 and polarization, it follows that for every p in S\{o} an orthonormal basis of T (1) p (S) is obtained by normalizing the vector fields
From now on we shall denote by W j the vector field
Note that W j are not K-invariant, nor are they divergence free. However an explicit formula for the sublaplacian L can be found.
Lemma 4.4. For every smooth function f on the sphere
Proof. Note that the set of functions g of the form
where G is a Schwartz function on N , is dense in L 2 (S). For such functions g integrating by parts the boundary term vanishes and therefore
Remark. In the real case, i.e., when v = 0 or z = 0, the operator L is the LaplaceBeltrami operator on the real Euclidean sphere. In the complex case, i.e., when N is the Heisenberg group, the operator L is the laplacian considered by Geller in [8] on the complex sphere.
The sublaplacians ∆ and L are linked by the equality
where b = (Q − 2)d v /4 and real powers of the conformal sublaplacian L + b may be defined spectrally (see [1] ).
Definition 4.5. For real α, we define the Sobolev space H α (S) as the completion of the space of smooth functions on S, with respect to the norm
An important property of these Sobolev spaces is the following. 
Via the previous result, we can prove an analogue of Theorem 4.2. We remark that the techniques employed by Folland in the proof of Theorem 4.2 cannot be used in our case since the vector fields W j are not K-invariant.
Proof. Suppose that f is in H α (S). Then f is in L 2 (S) and, by Theorem 4.6, we only need to check that T α−1 (W j f ) is in H α−1 (N ). We have
It is easy to check that the function m j is smooth and bounded by a constant multiple of N −1 ; moreover for every n = 1, 2, . . ., We first use Theorem 4.6; second we note as before that the function m j multiplies H α−1 (N ) into H α−2 (N ) by Theorem 4.3; finally we use Theorem 4.6 again. In formulae:
Hence Lf is in H α−2 (S) and
as required.
